International Journal of Interdisciplinary Invention & Innovation in Research - Vol. 1, Issue 1 — 2022
© Eureka Journals 2022. All Rights Reserved. International Peer Reviewed Referred Journal

International Journal of Interdisciplinary Invention
ll & Innovation in Research
y uuﬁlalﬁ https://eurekajournals.com/IIIRJ.html

Iterative Induced Sequence on Cone Metric Spaces
using Fixed Point Theorems of Generalized
Lipschitzian Map

Stephen I Okeke'

'Department of Mathematics/Statistics, Ignatius Ajuru University of Education, PMB 5047, Port Harcourt, Nigeria.

Abstract

In this paper, the concept of Lipschitzian map on cone metric spaces was examined. With this
modification, some fixed point theorems of generalized Lipschitz mappings with weaker
conditions on generalized Lipschitz constants were proved. Let (X,d)be a complete metric
space and 7 : X — X a generalized Lipschitzian map with constant k£ <1. First, defining the

sequence {x,},., inductively by x,,, =Tx,, n=123,..., x, € X and if x~ is the unique fixed

nx1

point of T, it was shown that x, — x~ as

X,)-

Moreover, we shall assume that if X is complete cone metric space, P be a normal cone with
normal constant K, T satisfying the generalized Lipschtizian condition where 0 <k <1 and for

any x in X , then we will prove that the iterative induced defined sequence {Tx, } ., converges to

nx1

the fixed point.

Keywords: Cone Metric Spaces, Geneneralized Lipschtizian Condition, Fixed Point
Theorems, Sequences.

Introduction

In many areas of applied mathematics, the existence of a fixed point of a certain function
between metric spaces has a remarkable significance since it is equivalent to the existence of a
solution in numerous mathematical problems.

Cone metric spaces were introduced by Huang and Zhang (2007) as a generalization of metric
spaces. The distance d(x, y) oftwo elements x and y ina cone metric space X is defined to be
a vector in an ordered Banach space E, and a mapping 7 : X — X is said to be contractive if
there is a constant k € [0,1) such that d(7x,Ty) < kd(x,y) forall x, y € X. Theright-hand side of
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inequality 1s the vector as the result of the operation of scalar multiplication in cone metric
spaces.

If the Lipschitz constant is less than 1, then 7' is said to be a contraction.

The problem to solve is to prove that the iterative induced defined sequence {Tx, } ., converges

n1

to the fixed point.

e Definition 1.1. Following Liu and Xu (2013): Let £ always be a real Banach space such that
forall x,y,ze E,a € R:
(xy)z = x(y2)

2. x(y+z)=xy+xz and (x+y)z=xz+yz
a(xy) = (ax)y = x(ap)

Al ey Il -1

e Definition 1.2. Following Ili¢ and Rakocevi¢ (2009): Let E always be a real Banach space
and P asubset of E, then P is called a cone if and only if:
(1) P1isclosed, nonempty, and P = {0}

(i) {0,1} c P
(i)a,be R,a,b>0,x,yec P=>ax+byeP
(iv) xe P—xe P=x=0.

e Definition 1.3. Following Altun et al. (2010): Given a cone P c E, we define a partial
ordering < with respect to P by x <y ifand only if y —x € P. We shall write x < y to
indicate that x < y but x # y, while x << y will stand for y — x € int P where int P denotes
the interior of P .

e Definition 1.4. Following Huang and Zhang (2007): The cone P is called regular if every
increasing sequence which is bounded from above is convergent. That is, if {x } ., is

sequence such that x, < x, <...<x ..<y for some y e E, then there is x" € E such that

| x, —x" || 0 (as n — ). Equivalently the cone P is regular if and only if every decreasing

sequence which is bounded from below is convergent.

In the following, we always suppose E is a Banach space, P isacone in £ with int P # ¢
and <is partial ordering with respect to P .

e Definition 1.5.Following Kumar and Ansari(2017): Let (X,d) be a cone metric space. Let
{x,},, beasequencein X and x" € X. The sequence {x,} ., issaid to be convergent to a
point x~ € X ifandifforall ¢ € E with 0 << c, thereis N such that forall n> N , we have
that d(x,,x") << c. We denote this by
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. * *
limx, =x or x, > x as n —> oo,
n—0

e Definition 1.6.Following Huang and Zhang (2007): Let (X,d) be a cone metric space,
{x,}, beasequence in X . The sequence {x,},., is called a Cauchy sequence if and only if
forall c € £ with 0 << ¢, thereis N suchthat forall n,m > N, we have thatd(x,,x, ) <<c.

e Definition 1.7.Let (X, d) be a cone metric space, if every Cauchy sequence is convergent in
X , then X is called a complete cone metric space.

e Definition 1.8.Let (X,d) be a cone metric space. If for any sequence {x, } ., in X, thereisa

n1

subsequence {x, }., of {x,},, suchthat {x, }., is convergent in X. Then X is called a

sequentially compact cone metric space.
e Definition 1.9.The cone P is called normal if there is a number K > 0 such that for all
x,yeEO0<x<y=|x[<K|y].

The least positive number satisfying above is called the normal constant of P . It is well known
that a regular cone is a normal cone.

1. SOME CLASSES OF MAPPING

e Definition 2.1.Following Chidume (2003): Let X be a nonempty set. Suppose the mapping
d: X xX — E satisfies

(dl) d(x,y)>0forall x,ye X and d(x,y)=0 ifand only if x =y
(d2) d(x,y)=d(y,x)forall x,ye X
(d3) d(x,y)<d(x,z)+d(z,y) forall x,y,ze X.

Then d is called a cone metric on X , and (X, d) is called a cone metric space. It is obvious that

cone metric spaces generalize metric spaces.

Example 1. Let E=R’,P={(x,»)€E|x,y>0cR,X=R and d:XxX — Esuch that

d(x,y)=(x—-yl,a|x—yl),where o 20 is a constant. Then (X,d)1s a cone metric space.
Example 2. Let £ = R" with P = {(x,,x,,X;,...,x,) € R" : x, > 0forall i =1,2,3,...,n}.
Let X = Randd : X x X — E such that

dxy)=(p—yl.0| x—y].05 | x| 05| x—V),..q,, |x—y[)where o, >0 for all I<i<n-1.Then (X,d) isa
cone metric space.

e Definition 2.2.The mapping T is called a contraction (strict contraction) if and only if there
is a constant & €[0,1) such that for all x, y € D(T), we have that d(Tx,Ty) < kd(x,y).
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e Definition 2.3.7 is called a Lipschitz map or L — Lipschitzian map if and only if there is a
constant L >0 such that for all x,y € D(T),d(Tx,Ty) < Ld(x, y).

e Definition 2.4.A complete normed linear space is called a Banach space.

e Definition 2.5.Let X be a set and let 7: X — X be a function that maps X into itself.
(Such a function is often called an operator, a transformation, or a transform on X , and the
notation 7x is often used in place of T'(x)). A fixed point of 7 is an element x € X for
which T'(x) = x.

e Lemma 2.1. Following Huang and Zhang (2007): Let (X,d) be a cone metric space, P be

a normal cone with normal constant K. Let {x, }, ., be a sequence n.X . Then{x, }

n>1 n1

converges to x~ ifand only if d(x,,x ) — 0(as n—oo0).
e Lemma 2.2. Following Huang and Zhang (2007): Let (X,d) be a cone metric space, P be

anormal cone with normal constant K. Let {x, } ., beasequence m X .If {x } ., converges

n>1 n1

to x and {x,},, convergestoy ,then x" = y". That is the limit of {x,}, ., is unique.

n1
e Lemma 2.3. Following Huang and Zhang (2007): Let (X,d) be a cone metric space,

{x,}, beasequenceinX .If {x }, ., convergestox ,then {x }  isa Cauchy sequence.
e Lemma 2.4 Following Huang and Zhang (2007): Let (X,d) be a cone metric space, P be a
is a

normal cone with normal constant P . Let {x,} ., be a sequence in X . Then {x,}

n>1 n1

Cauchy sequence if and only if d(x,,x,) — 0(as n,m — ).

Main Result

In this section, we shall prove some fixed point theorem of generalized Lipschitzian map in the
setting on cone metric space by defining the sequence {x,}, ., inductively by x A =Tx ,

n=12,..,and x, € X.

Theorem 3.1.Let (X, d) be acomplete metric space and 7" : X — X ageneralized Lipschitz map
with k <1. Define the sequence {x,},., inductivelyby x, ., =Tx,, n=1.2,.., x, € X andifx

is the unique fixed point of 7 then

) x,>xasn—o.

n

i) d(x,,x)< k

l_kd(xl’xo)-

Proof

1) Giventhat (X,d) is a complete metric space. Let {x, } ., be a Cauchy sequence. We show that

n1

{x, } . asubsequence that converges.
S

But, {x,},., 1s Cauchy means V& >0,3n, e N:Va,m2>n_,d(x, ,x,)<e¢.
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X, —x'as j—> o> e>0,3j, €N such that Vijg,d(xnl_,x*)<8.

Set, N =max{ns,nj£}then Vn,mzNg,d(xn,xm)<8,Vj2Ng,d(xnl_,x*)<8.Therefore,

&

Vn,j>N,,d(x,,x"). So that:
d(x,,x")<d(x,,x, ) +d(x, ,x")<e+&=2¢

Thus, Ve >0,3N, € N such that Va > N, ,d(x,,x ) < 2.
Hence, li_r)gxn =x =x, >x as n—>ow.

ii) Given that x,e X and x,,, =Tx, n=123,...

Set x, =Tx,
Then, x, =Tx,
x; =Tx,
x, =Tx,
x,,=Tx,,
X, =1x,
xn = Txn 1
x,, =Tx
We have
d(x,,,x,)=d(Ix,,Tx, ) <kd(x, ,x, )

<kkd(x, ,,x,,)
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=k*d(x,.,x,,)
<k’kd(x, ,,x, ;)

= k3d(xn—2’xn—3)

<k"kd(x,,x,).
So for n < m,
dx,,x,)<d(x,x,.)+d(x,.x,,)+dx,,,x )+ +dx, ,,x, )+d(x, ,x,).
<k"d(x,,x,)+ k" d(x,,x)) + k" Pd(x,,x,) + o+ K" d (g, x0) K" d(x,,x,)
=(k"+ k" A B KT KT (%, x,).

=k"d(x,x, ) 1+k' +k> 4+ k""2 k"
Skt K" Y (3, X))
<(Q kDK d(x,,x,)

i=0

kn
1-k

d(x;,x,).

Therefore, from (i) in Theorem 3.1 above, we have that x, — x" as n —> oo.

n

Hence, d(xn,x*)s1 kd(x],xo).

Theorem 3.2.Let (X,d) be a complete cone metric space, P be a normal cone with normal
constant K | Suppose the mapping 7 : X — X satisties the generalized Lipschitz condition
d(Tx,Ty) < kd(x,y),Vx,y € X, where k €[0,1) is a constant. Then:

1) For any x € X, iterative sequence {x,} ., inductively defined by x, ,, =Tx,, the sequence

{Tx,},., converges to the fixed point.

i1) T has a unique fixed point in X.
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Proof.
1) Choose x,e X . Set x, =Tx,

Then,
x, =Tx,

x; =Tx,

We have

d(x,,x,)=d(Tx,,Tx, ) <kd(x,,x, )
<kkd(x, ,,x, ,)
= kzd(xn—l s X, 2)
<k’kd(x,,,x, ;)

= k3d('xn—2’xn—3)

< k"kd(x,,x,).
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So for n>m,

dx,,x,)<d(x,,x, )+d(x, ,x, ,)+d(x, ,,x, ;)+..+d(x, . ,,x,.)+d(x,..,X,).
< k"' (x,x,) k" Td(xy,x0) + o+ K A (L, x0) + K7 (X, X))

= (k" K" AT B (), x).

=" K" Lk DK (), x,)
(ko k" YA (x, L x,)
< Qo kDK™ d(x,,x,)

i=0

km
1-k

d(x;,x,).

Since P is normal with a normal constant K, and note that || ™ || > 0(n — «©), we have

Id(x,,x,) |

SK|E™ . d(x;,x,)] -
—k| [&™ -1l d (x5 x0) ]

=d(x,,x,) = 0(n,m = ). Hence {x,},., is a Cauchy sequence. By the completeness of X,
thereis x” € X 3 x, > x" (n — ).
Furthermore, one has
d(Tx ,x")<d(Tx",Tx,)+d(Tx,,x")
<kd(x",x,)+d(x,.,,x)
And consequently,
1 d(Tx", x" ) I< K || (kd(x",x,) +d(x,.,x) |
1d(@x xS KA &N dCe,,x ) I+ 1dG5x,,0 D 1= 0.
Hence || d(Tx",x")||F 0= Tx =x". So, x"is a fixed point of T .
ii) Now if y *is another fixed pointof 7 > x" # y ,then d(x",y ) =d(Tx", Ty ) < kd(x",y").
Hence || d(x",y")|=0 and x" = y", a contradiction. Therefore the fixed point of T is unique.

Theorem 3.3. Let (X,d) be a complete cone metric space, P be a normal cone with normal

constant K. Suppose the mapping 7 : X — X satisfies the generalized Lipschitz condition
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1 .
d(Tx,Ty) < kd(Tx, y)+d(Ty,x)Vx,y € X , where k € [0,5) is a constant. Then:

1) Forany x € X, iterative sequence {x,} ., inductively defined by x,,, = Tx,, the sequence
{Tx,},., converges to the fixed point.

i1) 7T has a unique fixed point in X.

Proof
1) Choose Yo € X. Set M1 T Tx,
Then,
x, =Tx,
xn+] = Txn
We have

d(x,,.x,)=d(Ix,,Tx, )< kd(Tx, ,x,  )+d(Tx, ,x,)

<kd(x,.,x,)+d(x,,x,)

n+l?

So,d(x,,,,x,) < %d(xn X, ) =hd(x,,x, ),

where h:L
1-%

For n > m,

dx,,x,)<d(x, ,x, )+d(x, ,x,,)+..+d(x,.,.x,)

n—-12

m

1-h

<SR AR 4R (X, x,) < (d(x,,x,)

m

We get || d(x,.x,) <

T 7 K| d(x,,x,) = d(x,x) = 0(n,m — ).
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Hence, {x,},., is a Cauchy Sequence. By the completeness of Xax" € X 3 x, = x" (n — ).
Since

d(Tx ,x")<d(Tx,,Tx" )+d(Tx,,x")

<k(d(Tx",x,)+d(Tx,,x )+d(x,,,x"))

<k(d(Tx",x)+d(x,,x" )+d(x,,,x )+d(x,,,X ))

n+l?

x*)+d(xn+],x*)

n+l?

d(Tx",x") < ﬁ(k(d(xn,x*) +d(x

)N+ d(x,.0.x7) () = 0.

n+l? n+l?

£ £ 1 £
H (@ x [ K (e (d(x,, x ) ||+ dx

Hence d(Tx",x")=0. This implies 7x" = x". So x" is a fixed point of T.

i) Now if y"is another fixed point of T such that x™ # ", then

dx",y)=d(Tx", Ty < k(d(Tx",y" )+ d(Ty" ,x ) =kd(x",y" )+ kd(x",y") = 2kd (x",y").
Therefore, d(x",y") < 2kd(x",y") < 2d(x",y"). So that 0 < 2d(x",y") .

Hence d(x",y")=0=x" =y", which is a contradiction.

Therefore the fixed point of 7' is unique.
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