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Abstract 

In this paper, the concept of Lipschitzian map on cone metric spaces was examined. With this 
modification, some fixed point theorems of generalized Lipschitz mappings with weaker 
conditions on generalized Lipschitz constants were proved. Let ),( dX be a complete metric 
space and XXT : a generalized Lipschitzian map with constant .1k  First, defining the 
sequence 1}{ nnx  inductively by ,1 nn Txx   ,...,3,2,1n  Xx 0 and if *x  is the unique fixed 

point of T , it was shown that *xxn   as n  and ).,(
1

),( 01
* xxd

k
kxxd

n

n 
   

Moreover, we shall assume that if X  is complete cone metric space, P  be a normal cone with 
normal constant ,K  T satisfying the generalized Lipschtizian condition where 10  k  and for 
any x  in X , then we will prove that the iterative induced defined sequence 1}{ nnTx converges to 
the fixed point. 

Keywords: Cone Metric Spaces, Geneneralized Lipschtizian Condition, Fixed Point 
Theorems, Sequences. 

Introduction 

In many areas of applied mathematics, the existence of a fixed point of a certain function 
between metric spaces has a remarkable significance since it is equivalent to the existence of a 
solution in numerous mathematical problems. 

Cone metric spaces were introduced by Huang and Zhang (2007) as a generalization of metric 
spaces. The distance ),( yxd of two elements x  and y  in a cone metric space X is defined to be 
a vector in an ordered Banach space E , and a mapping XXT :  is said to be contractive if 
there is a constant )1,0[k such that ),(),( yxkdTyTxd   for all ., Xyx   The right-hand side of 
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inequality is the vector as the result of the operation of scalar multiplication in cone metric 
spaces.  

If the Lipschitz constant is less than 1, then T  is said to be a contraction.  

The problem to solve is to prove that the iterative induced defined sequence 1}{ nnTx  converges 
to the fixed point. 

 Definition 1.1. Following Liu and Xu (2013): Let E  always be a real Banach space such that 
for all :,,, REzyx    

1. )()( yzxzxy   
2. xzxyzyx  )(  and yzxzzyx  )(  
3. )()()( yxyxxy    

4 ||||.|||||||| yxxy   

 Definition 1.2. Following Ili¢ and Rakocevi¢ (2009): Let E  always be a real Banach space 
and P  a subset of E , then P  is called a cone if and only if: 

(i) P is closed, nonempty, and }0{P  
(ii) P}1,0{  

(iii) PbyaxPyxbaRba  ,,0,,,   

(iv)  .0,  xPxPx  

 Definition 1.3. Following Altun et al. (2010): Given a cone ,EP  we define a partial 
ordering   with respect to P  by yx   if and only if .Pxy   We shall write yx   to 
indicate that yx   but yx  , while yx  will stand for Pxy int  where Pint  denotes 
the interior of P . 

 Definition 1.4. Following Huang and Zhang (2007): The cone P is called regular if every 
increasing sequence which is bounded from above is convergent. That is, if 1}{ nnx  is 

sequence such that yxxx n  ......21  for some ,Ey  then there is Ex * such that 

0|||| *  xxn  (as ).n Equivalently the cone P is regular if and only if every decreasing 
sequence which is bounded from below is convergent.  

In the following, we always suppose E  is a Banach space, P  is a cone in E  with Pint  
and  is partial ordering with respect to P . 

 Definition 1.5.Following Kumar and Ansari (2017): Let ),( dX  be a cone metric space. Let 

1}{ nnx  be a sequence in X and .* Xx   The sequence 1}{ nnx  is said to be convergent to a 

point Xx *  if and if for all Ec  with ,0 c there is N such that for all Nn  , we have 
that .),( * cxxd n   We denote this by 
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*lim xxnn



or *xxn  as .n   

 Definition 1.6.Following Huang and Zhang (2007): Let ),( dX  be a cone metric space, 

1}{ nnx  be a sequence in X . The sequence 1}{ nnx  is called a Cauchy sequence if and only if 

for all Ec  with ,0 c  there is N such that for all ,, Nmn  we have that .),( cxxd mn   

 Definition 1.7.Let ),( dX  be a cone metric space, if every Cauchy sequence is convergent in 
X , then X  is called a complete cone metric space. 

 Definition 1.8.Let ),( dX  be a cone metric space. If for any sequence 1}{ nnx  in X, there is a 

subsequence 1}{ ini
x  of 1}{ nnx  such that 1}{ ini

x  is convergent in X. Then X is called a 

sequentially compact cone metric space. 
 Definition 1.9.The cone P  is called normal if there is a number 0K  such that for all 

.||||||||0,, yKxyxEyx   

The least positive number satisfying above is called the normal constant of P . It is well known 
that a regular cone is a normal cone. 

1. SOME CLASSES OF MAPPING 
 

 Definition 2.1.Following Chidume (2003): Let X be a nonempty set. Suppose the mapping 
EXXd :  satisfies 

(d1) 0),( yxd for all Xyx ,  and 0),( yxd  if and only if yx   

(d2) ),(),( xydyxd  for all Xyx ,  

(d3) ),(),(),( yzdzxdyxd   for all .,, Xzyx   

Then d is called a cone metric on X , and ),( dX  is called a cone metric space. It is obvious that 
cone metric spaces generalize metric spaces. 

Example 1. Let RXRyxEyxPRE  ,}0,|),{(, 22  and EXXd : such that 
|),||,(|),( yxyxyxd   where 0  is a constant. Then ),( dX is a cone metric space. 

Example 2. Let nRE  with 0:),...,,,{( 321  i
n

n xRxxxxP for all }.,...,3,2,1 ni    

Let RX  and EXXd : such that  

|)||,...,||,||,||,(|),( 1321 yxyxyxyxyxyxd n   where 0i  for all .11  ni Then ),( dX  is a 
cone metric space. 

 Definition 2.2.The mapping T is called a contraction (strict contraction) if and only if there 
is a constant )1,0[k  such that for all ),(, TDyx  we have that ).,(),( yxkdTyTxd   
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 Definition 2.3.T is called a Lipschitz map or anLipschitziL   map if and only if there is a 
constant 0L  such that for all ).,(),(),(, yxLdTyTxdTDyx    

 Definition 2.4.A complete normed linear space is called a Banach space.  
 Definition 2.5.Let X  be a set and let XXT : be a function that maps X  into itself. 

(Such a function is often called an operator, a transformation, or a transform on X , and the 
notation Tx  is often used in place of ))(xT . A fixed point of T  is an element Xx for 
which .)( xxT   

 Lemma 2.1.  Following Huang and Zhang (2007): Let ),( dX  be a cone metric space, P  be 
a normal cone with normal constant .K  Let 1}{ nnx  be a sequence in X . Then 1}{ nnx  

converges to *x  if and only if 0),( * xxd n (as n→∞). 

 Lemma 2.2.  Following Huang and Zhang (2007): Let ),( dX  be a cone metric space, P  be 
a normal cone with normal constant .K  Let 1}{ nnx  be a sequence in X . If 1}{ nnx  converges 

to *x and 1}{ nnx  converges to *y , then ** yx  . That is the limit of 1}{ nnx  is unique. 

 Lemma 2.3.  Following Huang and Zhang (2007): Let ),( dX  be a cone metric space, 

1}{ nnx  be a sequence in X . If 1}{ nnx  converges to *x , then 1}{ nnx  is a Cauchy sequence. 

 Lemma 2.4  Following Huang and Zhang (2007): Let ),( dX  be a cone metric space, P  be a 
normal cone with normal constant P . Let 1}{ nnx  be a sequence in X . Then 1}{ nnx  is a 

Cauchy sequence if and only if 0),( mn xxd (as )., mn  

Main Result 

In this section, we shall prove some fixed point theorem of generalized Lipschitzian map in the 
setting on cone metric space by defining the sequence 1}{ nnx  inductively by nn Txx 1 , 

,...,2,1n and .0 Xx   

Theorem 3.1.Let ),( dX  be a complete metric space and XXT : a generalized Lipschitz map 
with .1k  Define the sequence 1}{ nnx  inductively by nn Txx 1 , ,...,2,1n  Xx 0  and if *x  
is the unique fixed point of T  then  

i) *xxn  as n . 

ii) ).,(
1

),( 01
* xxd

k
kxxd

n

n 
  

Proof   

i) Given that ),( dX  is a complete metric space. Let 1}{ nnx  be a Cauchy sequence. We show that 

1}{ jn j
x  a subsequence that converges.  

But, 1}{ nnx  is Cauchy means .),(,,:,0    mn xxdnmnNn  
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*xx
jn  as Njj   ,0  such that .),(, *   xxdjj

jn  

Set, },max{
 jnnN  then .),(,,),(,, *    xxdNjxxdNmn

jnmn Therefore, 

).,(,, *xxdNjn n  So that: 

.2),(),(),( **   xxdxxdxxd
jj nnnn  

Thus, NN   ,0 such that .2),(, *   xxdNn n  

Hence, **lim xxxx nnn



 as .n  

ii) Given that Xx 0  and ,...3,2,1,1  nTxx nn  

Set  01 Txx   

Then, 12 Txx   

   23 Txx    

  34 Txx   

. 

   . 

   . 

   32   nn Txx  

  21   nn Txx  

   1 nn Txx  

   nn Txx 1  

   . 

   . 

   . 

We have 

),(),(),( 111   nnnnnn xxkdTxTxdxxd  

),( 21  nn xxkkd  
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),( 21
2

 nn xxdk  

),( 32
2

 nn xxkdk  

),( 32
3

 nn xxdk  

. 

. 

. 

).,( 01 xxkdk n  

So for ,mn   

).,(),(...),(),(),(),( 11232211 mmmmnnnnnnmn xxdxxdxxdxxdxxdxxd    

   ),(),(...),(),(),( 01
1

01
2

01
2

01
1

01 xxdkxxdkxxdkxxdkxxdk mmnnn    

).,()...( 01
1221 xxdkkkkk mmnnn    

).,(
1

),()(

),()...1(

)...1)(,(

01

01
0

01
12

1221
01

xxd
k

k

xxdkk

xxdkkkk

kkkkxxdk

n

n

i

i

nnmnm

nmnmn



















  

Therefore, from (i) in Theorem 3.1 above, we have that *xxn 
 as .n  

Hence, ).,(
1

),( 01
* xxd

k
kxxd

n

n 
  

Theorem 3.2.Let ),( dX  be a complete cone metric space, P  be a normal cone with normal 
constant K . Suppose the mapping XXT :  satisfies the generalized Lipschitz condition 

,,),,(),( XyxyxkdTyTxd   where )1,0[k  is a constant. Then: 

i) For any Xx , iterative sequence 1}{ nnx  inductively defined by nn Txx 1 , the sequence 

1}{ nnTx  converges to the fixed point.    

ii) T  has a unique fixed point in .X  
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Proof.  

i) Choose Xx 0 . Set 01 Txx   

Then, 

12 Txx   

  23 Txx    

. 

 . 

 . 

32   nn Txx  

 21   nn Txx   

 1 nn Txx   

nn Txx 1   

 . 

 . 

 . 

We have 

),(),(),( 111   nnnnnn xxkdTxTxdxxd  

),( 21  nn xxkkd  

),( 21
2

 nn xxdk  

),( 32
2

 nn xxkdk  

),( 32
3

 nn xxdk  

. 

. 

. 

).,( 01 xxkdk n  
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So for n>m, 

).,(),(...),(),(),(),( 11232211 mmmmnnnnnnmn xxdxxdxxdxxdxxdxxd    

 ),(),(...),(),( 0101
1

01
2

01
1 xxdkxxdkxxdkxxdk mmnn    

).,()...( 01
121 xxdkkkk mmnn    

).,(
1

),()(

),()...1(

),()1...(

01

01
0

01
12

01
121

xxd
k

k

xxdkk

xxdkkkk

xxdkkkk

m

m

i

i

mnmnm

mnmmn



















 

Since P is normal with a normal constant K , and note that ),(0||||  nk m  we have 

.||),(||.||||
||1||

||),(||
01 xxdkK

k
xxd mmn 


 

).,(0),(  mnxxd mn  Hence 1}{ nnx  is a Cauchy sequence. By the completeness of X , 

there is ).(**  nxxXx n   

Furthermore, one has 

),(),(),( **** xTxdTxTxdxTxd nn    

 ),(),( *
1

* xxdxxkd nn    

And consequently,  

||)),(),((||||),(|| *
1

*** xxdxxkdKxTxd nn   

.0||||)),(||||),(||.||(||||||),(|| 1
****  nn xxdxxdkKxTxd  

Hence .0||),(|| **** xTxxTxd   So, *x is a fixed point of T . 

ii) Now if *y is another fixed point of T ** yx  , then ),(),(),( ****** yxkdTyTxdyxd  . 

Hence 0||),(|| ** yxd  and ,** yx   a contradiction. Therefore the fixed point of T  is unique. 

Theorem 3.3.  Let ),( dX  be a complete cone metric space, P  be a normal cone with normal 
constant K . Suppose the mapping XXT :  satisfies the generalized Lipschitz condition  
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XyxxTydyTxkdTyTxd  ,),(),(),( , where )
2
1,0[k  is a constant. Then: 

i)  For any ,Xx  iterative sequence 1}{ nnx  inductively defined by ,1 nn Txx   the sequence 

1}{ nnTx  converges to the fixed point.  
ii) T  has a unique fixed point in .X  

Proof 

i) Choose Xx 0 . Set 01 Txx   

Then, 

12 Txx   

 . 

 . 

 . 

nn Txx 1   

 . 

 . 

We have 

),(),(),(),( 1111 nnnnnnnn xTxdxTxkdTxTxdxxd    

),(),( 11   nnnn xxdxxkd  

So, ),,(),(
1

),( 111  


 nnnnnn xxhdxxd
k

kxxd   

where 
k

kh



1

 

For ,mn   

),(...),(),(),( 1211 mmnnnnmn xxdxxdxxdxxd    

),((
1

),()...( 0101
21 xxd

h
hxxdhhh

m
mnn


 

 

We get ).,(0),(||),(||
1

||),(|| 01 


 mnxxdxxdK
h

hxxd
m

mn  
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Hence, 1}{ nnx  is a Cauchy Sequence. By the completeness of ).(**  nxxXxX n   

Since  

),(),(),( **** xTxdTxTxdxTxd nn    

)),(),(),(( *
1

** xxdxTxdxTxdk nnn    

)),(),(),(),(( *
1

*
1

*** xxdxxdxxdxTxdk nnn    

),(),(),(((
1

1),( *
1

*
1

*** xxdxxdxxdk
k

xTxd nnn  


  

.0||)),(||||)),(||||),((||(||
1

1||,(|| *
1

*
1

*** 
  xxdxxdxxdk

k
KxTxd nnn  

Hence .0),( ** xTxd  This implies .** xTx   So *x  is a fixed point of .T  

i) Now if *y is another fixed point of T such that ** yx  , then 

).,(2),(),()),(),((),(),( ************** yxkdyxkdyxkdxTydyTxdkTyTxdyxd 

Therefore, ).,(2),(2),( ****** yxdyxkdyxd   So that 0 ≤ 2d(x*,y*) . 

Hence **** 0),( yxyxd  , which is a contradiction. 

Therefore the fixed point of T  is unique. 
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